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Abstract
This paper is concerned with the fuzzy support vector classification, in which both of the type
of the output training point and the value of the final fuzzy classification function are triangle
fuzzy number. First, the fuzzy classification problem is formulated as a fuzzy chance constrained
programming. Then, we transform this programming into its equivalence quadratic programming.
Final, a fuzzy support vector classification algorithm is proposed to deal with the problem. An
example is presented to illustrate rationality of the algorithm.

Keywords: Machine learning; fuzzy support vector classification;  possibility measure;

triangle fuzzy number.

1. Introduction

Support vector machines (SVMs) proposed by Vapnik, is a novel method for machine learning
([11> [2]5 [3]5> [4]). Due to its excellent learning capability, It has become a hot spot of the
machine learning field and applied successfully to many application fields. But as an immature
novel technique, it still needs further improvements; when it is concerned to solve the problem

with fuzzy information([9],[10],[11]). for instance, the output , (j=1,---,1) of the training

points in the training set S Z{(xl,yl),---,(x,,y,)}, are fuzzy. In 2002, Lin and Wang [12]

proposed a Fuzzy Support Vector Machines(FSVM) technique, but they only added the fuzzy
membership grade to the penalty parameters of the quadratic programming in the Fuzzy Support
Vector classification rather than building up a Fuzzy Support Vector classification in terms of the
algorithm’s mathematical essentially. And the value of the final obtained classification functions
(the output of the testing points) are still 1 or -1 (positive class or negative class). In 2004 and
2005, Tao Qing, Wang Jueand Lee K Y et.al. respectively proposed A New Fuzzy Support Vector
Machine Based on the Weighted Margin (NFSVM) [13] and Possibilistic Support Vector
Machine(PSVM) [14]. In NFSVM, the training points’ fuzzy informations are represented by
fuzzy member and fuzzy margin thus the fuzzy classification problem is transformed to a
quadratic programming problem. In PSVM, the training points’ fuzzy informations are
represented by possibilistic member and possibilistic margin thus the fuzzy classification
problem is also transformed to a quadratic programming problem. But the value of the final
obtained classification functions (the output of the testing points) for both of the two techniques
are still 1 or -1 (positive class or negative class).

In this paper, we study the fuzzy classification problem , in which the training points include
the full fuzzy information, i.e., the input of the training points is the membership grades of the
positive and negative class, the sum of which is 1. In this technique, both of the training points’
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output and the value of the constructed fuzzy optimal classification function are triangle fuzzy
numbers. This technique is similar to the above three techniques for using the optimization
method to solve the fuzzy classification problem in which the training points include fuzzy
information. But the difference is that, in this method, the fuzzy optimization method is used to
solve the fuzzy classification problem in which the training points include fuzzy information so
that the fuzzy information in the training points are included naturally in the fuzzy programming
and the obtained fuzzy optimal classification function is still fuzzy. That is to say, given an
arbitrary testing point input, substitute it to the fuzzy optimal classification function, and the
output are triangle fuzzy numbers. Thus the testing points and the training points are matched in
the form and reach agreement in the logic. While the other three techniques are based on
ordinary optimization method to solve the fuzzy classification problem with the training points
including fuzzy information; thus the final obtained classification function is determinate
(without fuzzy feature), which leads to the output of the testing points are determinate ,i.e.,
positive class or negative class, and not matched to form of the training points’ output (fuzzy
membership grades); so that the error would occur when the training points are used as testing
points to make the LOO error estimation[4].

2. Fuzzy Support Vector Classification

A kind of special triangle fuzzy number is introduced as an extension of positive class symbol
1 or negative class symbol -1 .when the input of a training point is positive class membership

grade (03557 <1)

number

, we define the corresponding output as the following triangle fuzzy

2 2
?=(r1,rz,rgﬁ(2(g) ;ﬁ _2,25* -1, 29) ;g +%,0.5§5* <l. )

Similarly, when the input of a training point is negative class membership grade

6 (050" < 1), the corresponding output triangle fuzzy number is

2_ 2 _
2(5);5 +2,—25+1,2(5);5 2 05<5 <1 2)

Thus we can use (x, ) to represent a training point’s input X and the output Y , where

y=(t,15,5)=(

~

YVis a triangle fuzzy number as shown in (1) or (2) . Also the following Corresponding
relationship can be obtained.

|07 if x is positive,
-0 if x is negative. (3)

And (x,9) also can be used to represent a training point’s input X and the 0utput5 .
Based on the above triangle fuzzy numbers, given the training set of classification is

8 =100, 71)s 50 T W Ty ) 5531 "

or
85 =106:0):7505, 0,050,055, 5
where is an usual input, Y=L is a triangle fuzzy number as shown in (1)

0, . ~
or(2), “isshownin(3), j=1,---,/, (x,,¥,)and (x,,0,) are fuzzy positive points
(t=L---,p), (x,,¥,)and (x,,0,)are fuzzy negative points (i = p+1,---,1).

Definition 1 Suppose a fuzzy training set as shown in (6) or (7), given a confidence level A
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(0<A<1) ,ifthereexist we R"and b € R so that
Pos{yj((w-xj)+b)21}22, j=L--1 (6
where Pos {} is a feasibility estimate of the fuzzy event [5]. Then fuzzy training set (6) or (7)is

considered to be fuzzy linearly separable, and the corresponding fuzzy classification problem be
fuzzy linearly separable.
Theorem 1. Inequality (8) in Definition 1 is equivalent to the following real inequalities:

((1—/1)7;3 +ﬂ]’;2)((W'XI)+b) Zl,t 215' vy 2
(=20 4 A MO ) +B) 2 L= prt e

Where 7,,7,; are the center and right end points of the fuzzy positive point

yz(tzla”

7

5 P) (triangular fuzzy number); 7;,,%, are the center and left end points of the fuzzy
positive point y,(i = p+1,--+,1) (triangular fuzzy number) [5].

Under the confidence level A(0 < A <1), fuzzy linearly separability problem of the fuzzy
training set as shown in (4)or (5), can be transformed to fuzzy chance constrained programming

with decision variable (w,b,)" :

! )
min— || w][,
wh D (8
st.Pos{y (w-x,)+b) 21} 24, j=1,-+,1,
Theorem 2 under the confidence level A(0 < A <1), the certain equivalence programming
(common programming equivalent to(8) of the fuzzy chance constrained programming (8)is the
quadratic programming:
e
mn-—
tnd .

SLA=As + A (W) +D) 2 Lt =1+, p, (9)
(=2 + A, X %) +D) 2 Li = p+1,--- .

Theorem 3 There exists an optimal solution of quadratic programming (9).
Theorem 4 The duality programming of quadratic programming (9) is quadratic programming

with decision variable (B,a)" :

. 1 P /
min-(A4+2B+D) —(Zﬂﬁ Zo;),
fa = i

SIS Ay )+ S (=2 +3) =0 (10)

i=pH
£A20t=L--;p,
0;2Q0i=p+,- -/,

where A

Il
M=
M=

BB (A=D1 + Ar, (1= Drg + A )(x, - x,) >

I
©
L

¥
.Mj
¢

N
I
7

(A=A + 4, (=D, + 47, - x,),

[4
1
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D= ZZ 120?%((1_2)’?1 'M’fz)((l_/l)’fﬂ +AL XX ‘xq) ’

i=plg=pH
p= (ﬂl,---,ﬂp)r ER’, a= (ap+l,---,a,)r e R, (B,a)" is decision variable.
Programming (10) is a convex quadratic programming. After getting its optimal solution
(ﬂ* a ) = (,31* Lo ,ﬂ; , & pii,--a 1)",  we can get the certain optimal classification
hyperplane (see [4]) :

(w -x)+b =0,xeR" (11)
p !

w =Zﬁ((l—/1)ra +Ar, 0, + zaz (A=A, +Ar, )
t=1 i=pH

/

b = ((1 _1)7”53 + ﬂ'rsz) _(i ﬁ: ((1 - 2“)’”:3 + 27}2 )(x; 'xs)+ Z ai*((l _ﬂ’)};‘l + /bfiz)(xi "Xy ))

i=p+l

sef{s|B. >0, or
P i
b= (= Ay + A1) = QU B (= Dy + Ars ), - x,) + 3 (1= )y + A5, )(x; - %,)
t=1 i=p+l
geiqla , >0}
For the Fuzzy Support Vector classification, however, we expect to obtain an fuzzy optimal
classification function whose value is a triangular fuzzy number )N/j as shown in (1) and (2),

which can be achieved through g(x)=(w" -x)+ 5" and the following function (12):
. (u),0<u<p (1),
Lu>¢ (1),
5=05(u) = v (12)
—¢Q_ (u)a (0:1(1) Su< 0,

~Lu<e (1),
where @' (u)and @_'(u)are respectively the inverse function of ¢, (1) and ¢_(u).

@, (u) is a regression function (monotonous increasing function on #) obtained from the

& — support vector regression. And & — support vector regression is constructed by the
following method.
( 1 )Build up the Construct training set of the regression problem

{(8(x,),6,),++,(g(x,),9,)} (13

(il ) Use (13) as training set , and select appropriate & > 0, penalty parameter C > 0 ,choose a
linear kernel as the kernel function ,thus to construct & — support vector regression.
Similarly, @_(u) is a regression function (monotonous decreasing function on ) obtained

from the & —support vector regression which is constructed with the same method.
According to the corresponding relationship (3) and the transformation rules (1) and (2), the
fuzzy optimal classification function will be achieved by transforming the function

0 =0(g(x)) in (12) to a triangular fuzzy number ¥y = y(x).

Given an arbitrary testing point input X, substitute it to the fuzzy optimal classification
function, and then obtain a output are triangle fuzzy numbers ) which is the output of the
testing points and can objectively reflect the fuzzy classification situation of the testing points
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(X, ) (shown the membership grade of the positive or negative testing input ).

3. Conclusion

From the above discussion, we can achieve the following algorithm.
(1) Given a fuzzy training set (4) or (5) ,and select an appropriate confidence
level A(c £ A £1), C>o0and a kernel function K(x,x'),then construct quadratic programming:

/

min (A +2B, +Dy)— (Zﬁ+2a,.)

t=1 i=p+1
i

s.t.zp:ﬁt((l—/l)r +Ar,)+ Y o (1= ), + Ar,) =0 (14)

i=p+1
0SB <Cit=1p
0<a,<C,i=p+l--,1,

P
where Z
=

BB,
=
Zp Z[ Bo, (1= A)r, + Ar, (1= A)ry + Ary ) K (x,,x,)’

=1 i=p+1

P

(A=Dry + Ar A=y + Ar,))K(x,,x,)

5

ZI“ Zl: alaq((l—/I)r + A, )((1- /I)r +/1r2)K(xl,x)

B=(B..B,) eRl» a= (apﬂ,m,al)T eR”, (B,a)" is a decision variable.
(2) Solve quadratic programming(14), get optimal solution

* *\T * * * *\T
(ﬂ 24 ) z(ﬂla"'s p’apﬂ’”'aal) .

(3) Select the positive component ﬂ* €(0,C) of g7, ora* €(0,C) of o', then compute

b =((1=A)ry+Ar,)— (Zﬂ (A=A, +zr2)1<(x,,x)+2a (1= A)r, + Ar, K (x,,x,))

i=p+1
or
P l
b =((1= Ay + A5, ) = Q. B (1= Vs + A K (x,, %) + D o (1= Ay + Ar, K (x;, %)
= i=p+l
(4) Construct function :

g(x)= Zﬂ (=15 + A, ) K (x,x,) + Z o (1= 2)r, + Ay )K (x,,x,) -

i=p+l

(5) Consider {(g(x,),0,),+,(g(x,),0,)} and {(g(x,.)),=0,.,),,(g(x,),~0,)} as training

set respectively, construct & — support vector regression (select appropriate & >0, penalty
parameter ¢ >0,choose a linear kernel as the kernel function), then obtain regression functions
o.wand y_(),and construct function(16).

(6) According to corresponding relationship (3) and the transformation rules (1) and (2), the
fuzzy optimal classification function will be achieved by transforming the function s=gs(g(x)) in
(12) to a triangular fuzzy number y = y(x).

Note: If the outputs of all fuzzy training points in fuzzy training set(6) or (7) are all real
number 1 or -1, then the fuzzy training set degenerates to the common training set, so the fuzzy
support vector classification degenerates to the support vector classification .
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